We present an analytic calculation of the superconducting critical temperature for s·wave superconductors with realistic electron·boson coupling. We propose an accurate formula for T e , which is the only analytically derived formula relevant in the conventional coupling regime. The method described here can be generalized to the calculation of the critical temperature and other thermodynamic properties of d·wave superconductors in realistic coupling situations. § 1. Introduction
The discovery of materials with critical temperatures of more than 100 K,l) has stimulated important theoretical activity. Many new ideas on the mechanism of high-Tc superconductivity have been proposed, motivated mainly by the normal state phenomenology of those materials.
)
Whatever is the microscopic model considered, one can reach the superconducting state by two different mean-field approaches, the BCS-like condensation or the Bose-like condensation. In the first category are the conventional phonon-mediated superconducting transitions, as well superconducting transitions based on purely electronic mechanisms, where the boson mediators are antiferromagnetic paramagnons 3 )- 6) or composite charge excitons like slave bosons.7)-Il) In the second category, in addition to the superfluid transition, we would also place the spin-bag model proposed by Schrieffer et al.
12
) and models considering either magnetic 13 ) , 14) or normaP S ) bipolarons. For all models in the first category, in order to obtain the critical temperature, one must consider explicitly the retarded nature of the effective boson mediated interaction. This can be done using an Eliashberg strong coupling approach. 16HS ) vant for the calculation of the critical temperature. Retardation effects have a significant influence on the critical temperature at any coupling, and the famous BCS formula for Tc is not of practical interest. It turns out that Tc is sensitively dependent on retardation effects. This sensitivity is an intrinsic characteristic of BCS-like condensation valid independently of the considered microscopic mechanism. The importance of retardation effects on Tc for a d-wave gap function has been discussed by Monthoux and Pines. 6 ) However the analytic understanding of retardation effects on Tc is not complete even within the conventional s-wave framework. The lack of an analytic understanding of the retardation effects is a serious handicap for all microscopic theories proposed for the understanding of high-Tc superconductivity. Actually it is impossible to make any analytic quantitative prediction which can be confronted with experiment, since in all realistic situations the retardation effects are crucial. It is also impossible to predict whether a proposed microscopic model optimizes the retardation or damping effects. In this paper we give an exact analytic calculation of the critical temperature of isotropic s-wave superconductors for realistic couplings.
The method described in the following constitutes a basis for future generalizations to specific anisotropic situations of s-wave superconductors, as well to superconductors with other pairing symmetries, and in particular to d -wave superconductors. § 
Critical temperature and the Eliashberg framework
In the superconducting state, the conventional Eliashberg Theory (ET)16),18) remains the only complete framework for the analysis of the phenomenology. ET represents a more complete representation of the BCS concepts in terms of a field theoretical description of the electron-boson problem. In particular, within this framework one can explicitly take into account the retardation effects associated with the boson propagators. This framework was initially developed for the correct treatment of the effective phonon mediated electronic interaction, but its validity does not depend on the nature of the exchanged boson, provided that the boson energies are low compared to the electronic energies.
In the realistic weak coupling regime, the problem of the analytic calculation of the superconducting critical temperature is essentially unsolved. 19 ) In the weak coupling regime one can write the critical temperature in the following general form:
The first term of this series is contained in the BCS formula. This term is sufficient only for unphysically weak couplings. The A independent second term has been discussed for a general spectrum in Ref. 20) and leads, for an Einstein spectrum, to the famous McMillan formula. 21 ) This formula is frequently used in the exploitation of experimental data and the analysis of microscopic models in the weak coupling regime. All the analytic or semi-analytic discussions of the weak coupling behavior of Tc present in the literature are limited to the coupling independent second term of Eq. (1).19),22),23), 20) However, this second term always concerns too small couplings. In addition, this formula led the scientific community for several years to the false conclusion that within an Eliashberg approach the critical temperature saturates rapidly and cannot exceed ~ 20 K. In fact, the A ~ 00 limit of McMillan's formula is finite. However, this false statement has been corrected by Allen and Dynes, 24) For the description of the superconducting state, the elegant Nambu formulation is generally used. 17 ) Within this formalism, one has to evaluate a matrix propagator defined by (2) with the free propagator defined by 1 (3) and the self· energy written in the general form
where fi are the Pauli Matrices in the usual notation, and wn=(2n+ l);rT the Matsubara frequencies for fermions. In the following we adopt the convention Ii = k =1. The function Z(k, iWn) is the renormalization function, and LI(k, iWn) is the gap function. A non-zero off-diagonal component proportional to fl characterizes the existence of the superconducting order. Neglecting all adiabatic effects (except superconductivity) making use of Migdal's theorem,25) leads to a mean field solution of the problem, with the self-consistency condition reduced to a system of coupled Eliashberg equations, each equation corresponding to the projection of the selfconsistency condition on a Pauli matrix.
Assuming a constant electronic density of states in the relevant vicinity of the Fermi surface and an isotropic situation, the Eliashberg equations for imaginary frequencies can be written as follows:
Near Te the gap function Ll2(iwm) is small, and the system of Eqs. where the kernel is defined by
with f(iwm)=IWml/JrT, r(iWn)=L1(iWn, T)wn/wn and ::; =2m+1+A+2~A(iwm).
It is easy to see that K(iwn, iWm) is hermitian and that above Te all its eigenvalues are smaller than unity. The critical temperature is the temperature at which the higher eigenvalue of this kernel equals unity. Therefore, to obtain the critical temperature we must solve (11) where a will be the highest eigenvalue of the kernel K, and then put a= 1. Equation (11) can be solved numerically, and the procedure is well described in Ref. 26 ). The analytic solution of Eq. (11) in the A -jo = limit has been discussed in Refs. 24) and 27).
Here we analytically solve this problem in the moderate realistic coupling regime,28) by calculating a third order term in the series of Eq. (1) . § 3. The method
Our method for the calculation of the proportional to A third term of (1) , is analogous to that used in Ref. 20) for the analysis of the spectral dependence of the A-independent second term of (1) . The central idea of the following approach is to exploit an analogy which exists between the problem defined by Eq. (11) and the problem of the calculation of the partition function of a classical one-dimensional gas. This analogy is evident when we work with imaginary time for the phonon propagator instead of the imaginary Matsubara frequencies, as is generally done. The following approach is an interesting example where the solution of a classical statistical problem helps us to understand a completely independent quantum mechanical problem.
To work with imaginary time for the phonon propagator we perform a Fourier transformation of the standard electron-phonon coupling function (12) with r=2JrTe/w. The mean value is taken with the weight
fI.-fi (13) where the function g(w) is related to the Eliashberg function by 2~(w)F(w)=AWg(W), fi* is the Coulomb pseudopotential, and A=An=o is the classical mass enhancement parameter or coupling strength.
The required kernel can be written in the form (14) where n In=2n+ 1 +,1+2~,1i.
i=l (15) The notation « .. » has the meaning of taking two mean values, the first with the weight e1utl and the second with the weight g(w). We consider now the sum
Introducing the notation /3i =(1/2)( riUi -ri+l Ui+1), we can write
For the first term it is sufficient to remark that (19) which leads to
For the second term we consider the limit T ---> 0 which corresponds to the weak coupling expansion ,1--->0. With l(iwm)=lwml/;rT we obtain w ~ w + A (w' arctan( :' )) . (21) Replacing the original notation, we can finally write ~ exp{(i/2)(2n+ 1)( riUi-ri+lui+l)} n In
Note that in the limit considered here, lnlcot(x)1 ~ In(I/lxl). At this point we perform a ,1--->0 expansion of Eq. (22) leading to
n In (23) where in the parameter Qi defined by (24) the average must be taken with the weight g(w'). We have verified that the next order terms in the series of Eq. (23) 
The problem defined in Eqs. (25) and (11) is analogous to the calculation of the partition function of a classical one-dimensional gas without a kinetic term, interact· ing via a nearest neighbor interaction. The eigenvalue a defined in Eq. (11) corresponds to the free energy per particle in the thermodynamic N -+ 00 limit. In the thermodynamic limit, the "surface" no and nN terms are irrelevant, and we can write (26) In analogy with the classical one-dimensional gas problem, a cumulant expansion can now be performed. Detailed descriptions of the cumulant method can be found in Ref. 30 ). For our problem we have (27) with ~=[In(4/r)]-I. We verified that to the order to which we wish to calculate Te, the second order cumulant expansion is sufficient. Performing a second order cumulant expansion with respect to ~, we obtain 
Analytic Calculation of the Superconducting Tc in a Realistic Coupling Regime 7
When we divide by N and take the N ~ ex) limit, we obtain
Returning to our earlier notation, we can write
In(4Ir) II (31) (32)
Setting a= 1 in Eq. (18) and with the help of Eq. (25), the critical temperature can be obtained from the solution of the following equation:
In(4Ir)
We remark here that In(4Ir) is proportional to l/A.
A direct correspondence exists between the terms of Eq. (34) and the general expansion of Eq. (1). The first term of (34) corresponds to the first term of (1), and it is contained in the BCS formula. The second term of (34) is zero order in A and corresponds to the second term of (1). In order to calculate the next term, proportional to A in Eq. (1), we need to calculate the last three terms of Eq. (34). The evaluation of the Ui average of these terms is tedius. § 4. The Ui average of Qi To evaluate this average we need to calculate the integral (35) where the mean value in <a/arctan(wlw'» is taken with the weight g(w').
The integrals with respect to Ui and UHl are obtained immediately, writing the cosine as the real part of a complex exponential. Then we need to calculate the integral We write this integral as follows: 
To simplify, we use the notation i=l, i+l=2 and i+2=3. It is important to perform at the beginning a Fourier transform which allows us to write (46) with the Ui average given by
We introduce the following notations: (48) and integrating over all variables except YI and Y3 we obtain x lim IR 1.
-C+ln 1.
2IR
1.
-C+ln
We first treat the integral over Y3 with poles at Y3 = i/x3 and Y3 = -YI + i/X2. This leads to
Our problem is then the calculation of the real part of a sum of four integrals,
where the integrals are defined as follows: 
All these integrals can be obtained without difficulty using the residue method, except the one which contains the product of the logarithms in h where a delicate contour of a cut is necessary. The treatment of this integral is given in Appendix A. After some tedious yet straightforward manipulations, we can finally write 
(w)F(w)=(}.wE/2)8(w-wE).
For an Einstein spectrum, the spectral average is absent and Eq. (34) can be written as follows: In fact the coefficients of terms that are proportional to A in the exponent are both positive and significant (3;r2/16-7/4;:;::0.10055 and 1l;r2/72 -5/4;:;::0.25786). It is therefore clear from this last formula that the critical temperature does not saturate when the coupling A grows, and earlier arguments about the existence of an intrinsic limitation on Tc within Eliashberg theory are indeed irrelevant.
We remark that in the analysis presented here we do not make any approximation or assumption particular to fullerides, as it is done in Ref. 29) , and our results are applicable to any conventional superconductor. Our formula gives a Tc higher than that given by McMillan's formula because it is more accurate in the conventional coupling regime.
In order to test the accuracy of our calculation we have numerically solved the hermitian eigenvalue problem in Eq. (ll). We compare in Fig. 1 
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ium. This is also the relevant range of couplings for all on-molecule phonon coupling models of superconductivity in fullerides. Therefore, for the first time we have given an exact analytic calculation of the critical temperature for realistic couplings. Furthermore, even for couplings up to A ~ 1 our formula is useful. In fact for ,1=1 the error in our formula is less than 10 %, while the corresponding error in McMillan's formula is more than 20 %.
In our realistic coupling regime, the spectral width also influences Te. Let us determine the effect to first order of the spectral width. We take t=l/x=w/wE and C=lnt. We can take for example the Wi averages in the limit t~1 to see the first order deviations from the Einstein spectrum results. We obtain (see Appendix B) and we see clearly that when the spectrum acquires a width the critical temperature is enhanced compared to that of an Einstein spectrum. § 7. Conclusion
In conclusion, we have presented a systematic method for the calculation of retardation effects on superconductivity. We have calculated the next order term in a weak coupling expansion of the critical temperature within the conventional Eliashberg theory framework. We obtained for the first time analytically the critical temperature in realistic coupling regimes. For an Einstein spectrum we have obtained a simple formula (Eq. (66)), which is the most precise formula available for ,1:-:;:1.
Although the method presented here could in principle be extended to stronger couplings, the complexity of the calculation rapidly grows with the coupling and there is little hope to obtain the next order term in the series of Eq. (1). In fact for the calculations of next order terms one would need to calculate integrals of the type calculated in § 5 but with a multiplicity of order four or higher.
The calculation described here can be generalized for the calculation of other thermodynamic properties as well as for the calculations in specific anisotropic situations of s-wave superconductors or even in the case of d -wave pairing. In this way we could obtain an analytic understanding of the effect of specific anisotropic situations on the critical temperature. We plan also to investigate the effect of non-adiabatic corrections beyond Migdal's theorem. The calculations presented here constitute the basis for such generalizations that will be discussed in a future paper. 
Appendix A
We examine here the integral in (54) which contains a product of logarithms with cuts in both half-planes
To calculate this integral we consider the contour of Fig. 2 
The problem is localized in the explicit integral on the left-hand side of (A· 3). To treat this integral we make the variable change t --> -t which leads to
Now we add and subtract In(l/x2) in the numerator, and we are left with . 00
The second term of (A·5) can be obtained by a simple fractional decomposition: --+ --+----+-+-
The divergent terms will finally cancel taking into account the In(e) term in (A· 2). Since we are interested in the real part of these integrals, the purely imaginary terms are irrelevant. We finally have 
Appendix B
We give here an expansion around an Einstein spectrum. With t=l/x and G =In(t) we take the frequency average which leads finally to Eq. (67). Equation (68) is a bit more tedious to obtain but it follows along the same line.
